Abstract. In this paper we examine the question of existence of a two-dimensional universally observable system, i.e., dynamics which are observable by every continuous nonconstant real-valued function on the state space. We are motivated by the work of D. McMahon, who proved that a class of three-dimensional manifolds with horocycle flow have this property. We examine this example and are able to give sufficient conditions for a flow to be universally observable. We then use these conditions to show the existence of a continuous universally observable flow on the torus. The proofs involve techniques and concepts from topological dynamics and dynamical systems on the torus.
1. Introduction. Determining the behavior of a dynamical system from some scalar observation of the system has been studied quite extensively in the literature (see [19] , [4] ). In particular, criteria for observability of nonlinear systems are given, that is, criteria about which systems will be observable by given observation functions and what types of observation functions observe a given system. We will consider the general setting of a Hausdorff space M with a continuous flow φ. We ask if a given real-valued function h of the space M distinguishes orbits. If the answer is "yes," then the system is observable under h.
The question arises as to whether there exist systems which are universally observable, i.e., dynamics which are observable by every continuous nonconstant real-valued function on the space. It seems unlikely that one could find such a system, but McMahon [18] proved that a class of three-dimensional manifolds (SL(2, R) modulo a certain type of subgroup) with horocycle flow has this property.
The search for other examples, particularly for low-dimensional universally observable systems, has led to some interesting results but has produced no further examples. Most of the work thus far has focused on smooth dynamical systems, i.e., flows arising from smooth vector fields. Byrnes, Dayawansa, and Martin [3] determined necessary conditions for universally observable systems which lead to the conclusion that if there is a smooth low-dimensional universally observable system then it has to be a minimal flow on the torus.
In [9] , it was shown that any universally observable low-dimensional system would be topologically equivalent to constant irrational flow on the torus. Using a property which is equivalent to universal observability developed by Wallace [25] , it can be shown that constant irrational flow is not universally observable.
In this paper, we address the general question of existence of a universally observable flow on the torus (not necessarily smooth). We first examine the properties of McMahon's example which were sufficient for universal observability (see [25] , [9] ).
We give a proof that any flow with these properties, referred to as property V, is universally observable. We then examine these properties, and using results from the field of topological dynamics, we further isolate some sufficient conditions for universal observability. Using these conditions, we are able to construct a continuous flow on the torus which provides the first example of a two-dimensional universally observable system.
2. Universal observability. In this section, we establish notation and give some basic definitions. We then discuss the properties of McMahon's example which are sufficient for universal observability.
Let φ(x, t) be a continuous flow on a Hausdorff space M . That is,
is a continuous function and φ(x, t 1 + t 2 ) = φ(φ(x, t 1 ), t 2 ).
Definition 2.1. Let h : M → R be a continuous nonconstant function. We say that h observes (M, φ) if h(φ(x 0 , t)) = h(φ(y 0 , t)) for all t ≥ 0 implies that x 0 = y 0 . In this case, we say that (M, φ, h) is observable.
McMahon [18] proved that a class of three-dimensional manifolds (SL(2, R) modulo a discrete, cocompact, nonarithmetic subgroup) with horocycle flow is observable by every nonconstant continuous function from the manifold to the real numbers. We refer to this phenomenon as universal observability. More precisely, we have the following definition.
McMahon's example had a very stong property which was sufficient for universal observability. Before we discuss this property, we develop some notation and state some definitions.
Given any fixed time t * , let f t * (x) = φ(x, t * ). We consider the discrete flow generated by f t * , i.e., the iterates {f n t * : n ∈ Z}. We use the notation (M, f t * ) to refer to this discrete flow. Definition 2.3. The orbit of a point x ∈ M under the flow (M, φ) is the set O(x) = {φ(x, t) : t ∈ R}. The orbit of a point x ∈ M under the flow (M, f t * ) is the set O ft * (x) = {f n t * (x) : n ∈ Z}. Definition 2.4. The set K is invariant under the flow φ if {φ(K, t) : t ∈ R} ⊂ K.
Definition 2.5. The flow (M, φ) is minimal if M has no proper closed invariant sets under φ. Equivalently, every point of M has a dense orbit. Definition 2.6. If φ is a flow on M , then the product flow φ × φ on M × M is given by φ × φ((x, y), t) = (φ(x, t), φ(y, t)).
Now we describe the example of a universally observable system found by McMahon. Let G = SL(2, R) and let Γ be a discrete subgroup of G with compact quotient space M = Γ\G. Horocycle flow Φ on M is defined by Φ(Γg, t) = Γg 1 0 t 1 .
In a paper by del Junco and Keane [7] , it is remarked that any horocycle flow where Γ is a discrete cocompact maximal nonarithmetic subgroup has the property that the past and future limit sets of (x, y) are M × M whenever x and y are on different orbits in (M, Φ). This follows from Theorem 4.5 in [6] , which states that this flow has twofold minimal self-joinings, a strong property from ergodic theory; note that this is different from the definition of Markley [21] . Also, this flow has the property that the discrete flow induced by some time t 0 is minimal, so that the positive orbit of each point under the discrete flow is dense. These properties are sufficient for universal observability. Specifically, we now isolate the properties of McMahon's example which imply universal observability. We note that any flow with these properties will be universally observable.
Definition 2.7. A flow (M, φ) has property V if (i) the future limit set of (x, y) is M × M whenever x and y are on different orbits in (M, φ), and (ii) given any fixed time t * , the positive orbit of each point in
Remark. The following proof is a direct generalization of McMahon's proof (see [18] ).
Proof. Consider any nonconstant continuous observation function h : M → R. First, consider any two points x, y ∈ M on different orbits. Choose any two open sets U, V ⊂ M such that the intersection of h(U ) and h(V ) is empty. Since the future limit set of (x, y) is M × M , there exists some time t 0 such that φ(x, t 0 ) ∈ U and φ(y, t 0 ) ∈ V. Therefore, any two points on different orbits can be distinguished by any nonconstant continuous observation function h; specifically, there exists a time t 0 where h(φ(x, t 0 )) = h(φ(y, t 0 )).
Next consider the case when x and y are on the same orbit, i.e., there is a time t * such that y = φ(x, t * ). We assume that these points cannot be distinguished by the flow, i.e., h(φ(x, t)) = h(φ(y, t)) for all t ≥ 0. Now consider the discrete flow induced by time t * above. We denote this discrete flow by (M, f t * ). Now we have h(x) = h(y) and h(y) = h(φ(x, t * )). So we see that h(x) = h(f t * (x)). Now following the orbit of x under φ for time t * again, we have that h(f t * (x)) = h(f 2 t * (x)), and continuing in this fashion we see that
So h must be constant since the positive orbit of the discrete flow (M, f t * ) is dense. This contradicts our assumption that h is a nonconstant continuous function. Thus, (M, φ) is universally observable.
McMahon's example exhibits very strong ergodic and topological properties. This leads to the question of what ergodic or topological properties are necessary for universal observability. Is there an equivalent notion in topological dynamics? The notion of primeness for flows from topological dynamics is closely related to universal observability. For more on these questions, see [10, 12, 17] .
3. A sufficient condition for universal observability. In this section, we will further isolate sufficient conditions for a general system to be universally observable. Here, we consider the more general case of a continuous flow φ on a compact Hausdorff space. We first state some relevant definitions from topological dynamics. Equivalently, the flow (M, φ) is topologically weakly mixing if every point of M × M , with the possible exception of a set of first category, has an orbit which is dense (see [23, p. 152] ).
Similarly, we can define these notions for the discrete flow as well. Lemma 3.3. Given any topologically weakly mixing flow (M, φ) which is minimal, the discrete flow generated by a fixed time t * , (M, f t * ) is also minimal. That is, the iterates of f t * (x) for any x ∈ M form a dense subset of M .
Remark. This lemma is often used in topological dynamics [5] , [20] . For a proof, we refer the reader to the Appendix section 6.
Next we use this lemma to describe sufficient conditions for a flow to be universally observable.
Definition 3.4. A flow (M, φ) has property W if it is minimal and satisfies part (i) of property V (Definition 2.7).
Theorem 3.5. If a flow (M, φ) has property W, then it is universally observable. Proof. If a flow satisfies part (i) of property V, then it is obviously topologically weakly mixing. Now by Lemma 3.3, the flow satisfies part (ii) of property V. Therefore, by Theorem 2.8, the flow is universally observable.
Previous results.
In this section, we review some results regarding universal observability. These give motivation for our main result, the construction of a universally observable flow on the torus.
First, we recall some results of Byrnes, Dayawansa, and Martin [3] . These give necessary conditions for universal observability.
Suppose X is a locally compact Hausdorff space and
If φ is universally observable, then φ is minimal; i.e., all positive orbits are dense in M .
For the next theorem we make the additional assumptions that M is a smooth manifold and f is a smooth vector field on M , so f should be complete.
Theorem 4.2. If f is a vector field on M which is universally observable, then M is compact with Euler characteristic zero. Now we focus on the question of existence of any low-dimensional systems which are universally observable. It is not hard to see that there cannot be a one-dimensional universally observable system. We consider the two-dimensional case below.
We consider smooth flows on two-dimensional manifolds without boundary. By the results of Byrnes, Dayawansa, and Martin above, we need only consider nonsingular vector fields with all positive orbits dense and manifolds which are compact with Euler characteristic zero. Now the classification of compact surfaces yields only two surfaces with vanishing Euler characteristic, the torus for orientable surfaces and the Klein bottle for nonorientable surfaces.
A result due to Kneser (see [13] ) says that every smooth direction field on the Klein bottle has a periodic orbit. Therefore, there is no universally observable system on the Klein bottle. For more details on this, see [9] .
Next we consider smooth flows on the torus. We note that any vector field on the torus can be represented by a set of differential equations in the plane which are periodic in the spatial variables. More specifically, let X be a vector field on the torus,
Then X can be represented as a system of differential equations of the following form:
where (η, θ) ∈ T 2 , and f, g are periodic in η, θ of period one. A special important case of this type is the linear system
This is just the constant vector field with orbits being the lines of slope 1 α . When α is irrational, we refer to this as constant irrational flow.
We need to discuss equivalence of flows (vector fields).
′ which takes orbits of X to orbits of X ′ preserving orientation but not necessarily parametrization by time.
The following proposition about vector fields on the torus stems from the work of Denjoy [8] on diffeomorphisms of the circle. This is a sort of classification for certain nonsingular vector fields on the torus. Proposition 4.4. Any flow on the torus with no equilibrium points or closed orbits necessarily arises from a vector field C 0 equivalent (topologically equivalent) to the above linear system ( * ) with α irrational.
This follows from Denjoy's theorem and relevant facts about nonsingular vector fields on the torus with an irrational rotation number. For a more detailed discussion, see [14] or [2] .
Using these facts, we get the following theorem. Theorem 4.5. A universally observable system on the torus is topologically equivalent to system ( * ) with α irrational.
For a detailed proof, see [9] . As described by Wallace [25] , it is well known that constant irrational flow, i.e., the flow arising from a constant vector field on the torus with orbits being winding lines of irrational slope, is not universally observable. To understand why this is so, we first discuss a topological criterion developed by Wallace [25] and DeStefano [9] which is equivalent to universal observability. Remark. Note that the definition of property U above is slightly more restrictive than that given in [25] (see [9] ). Theorem 4.7. (M, φ) is universally observable if and only if (M, φ) has property U.
For the proof, the reader is referred to [25] and [9] . Now we can see that this system does not have property U. This is done by constructing the sets U α as pictured in These results show that any universally observable flow on the torus is topologically equivalent to constant irrational flow, a flow which itself is not universally observable. So if there is a universally observable flow on the torus, its orbit structure is the same topologically as a flow which is not universally observable.
5. An example of a continuous universally observable flow on the torus. Now we are ready to discuss the existence of a universally observable flow on the torus.
Theorem 5.1. There exists a continuous flow on the torus with property W. By Theorem 3.5, we immediately obtain the following corollary. Corollary 5.2. There exists a continuous universally observable flow on the torus.
The flow we construct is topologically equivalent to the flow on the torus T 2 given by the vector field
where α is an irrational number fixed below. Hence the flow is minimal. To obtain a flow φ(x, t) :
with the other part of property W, that certain orbits of the product of the flow with itself, φ × φ, are dense in T 2 × T 2 , we adjust the speed of orbits in the torus.
Interestingly, our example is only a continuous flow and not all irrationals α are admissible for the underlying flow on the torus. These limitations are required by our construction. We do not know if smoother torus flows exist with property W or if smoother universally observable flows on the torus exist. However, it is not unlikely that this is another example of the sort of "small-divisor" problem which commonly appears in the study of torus flows and circle maps (see Hermann [16] ).
As noted above, the topology of our flow φ is that of a minimal "straight-line" flow. The speeds of the orbits are chosen so that any two points on different φ-orbits move with time so that they become arbitrarily far apart in (the lift of) the θ direction. By Lemma 5.4 below, this will suffice to give the density of orbits in T 2 × T 2 . Finally, we give the definition of the flow φ and show that it has the required properties.
We begin with some notation. The dynamics of flows on the torus given by the vector field ( * ) are intimately connected to the continued fraction expansion of α which determines the slope of the vector field (see Hermann [16] ). We use only the following basic facts concerning continued fractions. The reader is referred to Niven [22] or Hardy and Wright [15] for details and proofs.
Recall that each α ∈ (0, 1) can be represented as a continued fraction
where each a i ∈ Z + ∪ {0}. In the case of an infinite fraction this notation means that
where p n /q n is the truncation of the continued fraction for α at the nth level, i.e.,
This rational p n /q n is called the nth convergent of α. The continued fraction expansion is infinite if and only if α is irrational, and the expansion is unique. For rational α, there is a slight ambiguity in the expansion in the last term; see the references cited above. A general property of the continued fraction expansion of an irrational α with nth-convergent p n /q n is
where q n+1 is the denominator of the (n + 1)st convergent. The size of these denominators is controlled by the a i in the continued fraction. In fact, q n+1 = a n+1 q n + q n−1 and p n+1 = a n+1 p n + p n−1 for all n. This property is useful because it picks out the rational numbers with smallest denominator closest to the irrational. For more on this subject, see [15] .
Density of curves in T 2 and T
Since property W relates the topology of orbits in T 2 and T 2 × T 2 , we need notation for measuring "how dense" a finite length curve is in these spaces. We let the usual metrics on T 2 and T 2 × T 2 be denoted by d and d 2 , respectively.
Finally, we need notation for the universal covers of T 2 and T 2 ×T 2 and associated lifts. For a ∈ R, we let a denote the fractional part of a, i.e., a ∈ [0, 1) and a − a ∈ Z. Let π : R 2 → T 2 denote the projection
This is the usual covering map from R 2 to T 2 . Let X and Y denote the projections of R 2 onto x and y coordinates, respectively. For z ∈ T 2 , letẑ ∈ R 2 be the lift of z satisfying π(ẑ) = z, X(ẑ), Y(ẑ) ∈ [0, 1).
If g : R → T 2 is a curve on the torus, then we letĝ : R → R 2 denote the continuous lift of g which satisfies g = π •ĝ andĝ(0) ∈ [0, 1) × [0, 1) (see Figure 5 .1). For a flow φ on T 2 , we denote a lift byφ where for each z ∈ T 2 ,φ(z, t) is the lift specified above of the curve t → φ(z, t).
Next we prove a lemma which gives a key step in our construction. We know that a curve in T 2 whose lift is a straight line with irrational slope wraps densely around T 2 . We can build a curve in T 2 × T 2 by taking the product of two copies of such a line. The resulting curve will not be dense in T 2 × T 2 because its image is restricted to the diagonal {(z, z) :
However, if we take two lines with slightly different speeds, i.e., slightly out of phase, but with equal irrational slopes, the curve formed in T 2 × T 2 visits much more of the space. The following lemma embodies this observation. Its statement is somewhat technical since it is in the form we require below. See the remark below for an explanation of the qualitative meaning and implications of the following technical conditions. Fix (2) For t fixed, j a positive integer, let s j (t) be such that
We call s j (t) the jth q n return time; in particular, s 1 (t) is the q n return time of σ 1 (t). Then we assume that there exists N < an+1 8
such that for all t ≤ s N +2 (0),
(3) For N as in (2), we also require that
Remark. Condition 2 states that the speed along σ 2 is slightly faster than that along σ 1 . Condition 3 states that this slight difference eventually adds up to a large difference in positions along the two lines. In particular, it imposes a condition on the irrational α which requires that the a n 's in the continued fraction expansion grow fast enough.
Finally we state the lemma. Lemma 5.4. Suppose σ 1 , σ 2 are as above and 2q m < q n . Then the curve given by
is 4/q m dense in T 2 × T 2 . Proof. Fix a t ∈ [0, s 1 (0)] and consider the set
By the condition on N , the points σ 1 (t + s j (t)) are no more than 1/q n from σ 1 (t). Moreover, d(σ 2 (t + s j (t)), σ 2 (t + s j+1 (t))) < 2/q m for all j. Now for any z ∈ T 2 there exists j such that d(z, σ 2 (t + s j (t))) < . Hence, for each point in the set {(σ 1 (t), z) : z ∈ T 2 } there is a point of the form (σ 1 (t + s j (t)), σ 2 (t + s j (t))) within 3/q m of it. Since every point of T 2 is within 2/q n of σ 1 (t) for some t ∈ [0,
5.2. The construction. Next we fix notation and make some choices of the parameters involved in our example. Where it is both possible and convenient, we make explicit choices rather than seeking optimal values.
Fix an irrational
, where a i → ∞ very quickly as i → ∞ (exactly how quickly will be set below). Let p n /q n denote the nth convergent of α.
Let ρ : [0, 1] → R be a function given by
So ρ(η) is given by a Fourier series on [0, 1] with nonzero terms having period 1/q n for some n. Let the amplitudes β qn be given by
Our first assumption on the growth rate of the a n 's (hence the q n 's) is that q n >> 4 n so that ρ(η) converges uniformly to a C 0 function. We note that ρ(η) is not C 1 because the q n th coefficient of the formal Fourier series for ρ ′ (η) grows like 4 n (see Tolstov [24, p. 129] ). Since only the tail of ρ(η) is important we may assume that |ρ(η)| < 1 for all η by removing the leading terms if necessary.
We next specify the flow φ(x, t) :
As noted above, we require that φ be topologically equivalent to the flow given by
where α is the irrational chosen above, so each orbit of φ lifts to a straight line with slope 1/α. Also, we require that for each η ∈ [0, 1), if
; that is, the time necessary for the φ-orbit of (η, 0) to loop once in the θ direction is 1 + ρ(η). With the bound on |ρ(η)| above, this implies that we may assume the speed of each point under the flow is less than 4. Next, we fix some notation concerning how close one point on T 2 is to a segment of a φ-orbit of another point. Let
.
That is, Σ n (z 1 ) is the set of points on T 2 within ε n in the η direction of a point in the set {π(ẑ 1 + (αt, t)) : − qn 2 ≤ t ≤ qn 2 }. This is a narrow strip around the segment of the φ-orbit of z 1 which wraps around the torus q n times in the θ direction.
In order to show that the flow φ has property W we proceed as follows.
Step 1. Show that if z 2 / ∈ Σ n (z 1 ), i.e., z 2 is not near the initial segment of the φ-orbit of z 1 , then the average speeds along part of the φ-orbits of z 1 and z 2 are slightly different for a long period of time.
Step 2. Show that the difference in speeds of the φ-orbits of z 1 and z 2 implies a certain density for the initial segment of the orbit of (z 1 , z 2 ) under φ × φ; i.e., apply Lemma 5.4.
Step 3. Verify that if z 2 ∈ n≥m Σ n (z 1 ) for some m, then z 2 is on the φ-orbit of z 1 .
Step 4. Using Steps 1, 2, and 3, verify that if z 2 is not on the φ-orbit of z 1 , then
In the process of doing Steps 1, 2, and 4, we fix the rate at which the a n 's (hence q n 's) in the definition of α must tend to infinity.
Step 3 is the easiest, so we begin with it. Lemma 5.5. If z 2 ∈ n≥m Σ n (z 1 ) for some m, then z 2 is on the φ-orbit of z 1 . Proof. First we note that for each n,
That is, the intersection of the shorter (in the θ direction), wider (in the η direction) strip Σ n (z 1 ) with the longer, narrower strip Σ n+1 (z 1 ) is a short, narrow strip. This follows from the fact that points in the set {π(ẑ 1 + (αt, t)) :
2 ]} with the same θ coordinate are approximately 1/q n+1 apart in the η direction.
By induction we see that
and hence
that is, z 2 is in the φ-orbit of z 1 . To show Step 1, we first fix z 1 , z 2 , and n so that z 2 / ∈ Σ n (z 1 ). Letẑ 1 andẑ 2 be lifts of z 1 , z 2 , respectively, and fix times s j and r j such that for j = 1, 2, . . . ,
In order to study the difference in speeds of z 1 and z 2 along their orbits as embodied in the difference in "q n return times" s j and r j , we begin by showing that the effect of terms in ρ(η) of period 1/q m , where m = n, m = n + 1, can be safely ignored. We deal first with terms of period q m for m < n.
Lemma 5.6. Let | · | denote the modulus of a complex number or absolute value where appropriate. With the notation as above,
Proof. From the theory of continued fractions, we know that
and
and so
Lemma 5.7. With notation as above and n ≥ 2,
Proof. Note that
by the previous lemma. Hence, provided q n+1 is sufficiently large, we may assume that the slope of the part of ρ(η) coming from period 1/q m terms with m < n is as small as we like, i.e., that we can neglect the differences in q n return times of z 1 and z 2 caused by these terms.
Similarly, we can bound terms of ρ(η) with period 1/q m for m > n + 1 as follows. Lemma 5.8. . Hence all the terms in the tail of the Fourier series of ρ(η) tend to zero very quickly (provided the a n 's tend to infinity quickly).
We can collect these results as follows. Let
For z 1 , z 2 ∈ T 2 with z 2 / ∈ Σ n (z 1 ), let η 1 , η 2 be such that (η 1 , 0) + (αθ, θ) =ẑ 1 for some θ ∈ [0, 1), and similarly for η 2 . The q n return times of z 1 and (η 1 , 0) are at most order 1/q n+1 apart because their orbit segments bringing about the return differ only by segments of length order 1 and are at most 1/q n+1 apart. A similar statement holds for z 2 and (η 2 , 0). This difference can be ignored because the difference between r 1 and s 1 is at least q n times as large since this difference is given by q n times the difference in ρ values. (Similar estimates allow the difference in q n return times of φ(z 1 , t) and φ(z 1 , t + k) for k << q n to be neglected.) Then the q n return times s 1 and r 1 of z 1 and z 2 satisfy
where K is a constant independent of η, and ζ, ξ tend to zero as the growth rate of the a n 's increases.
Remark. In fact, the same statement holds true for q n return times if the ρ n+1 terms are omitted from the above since |ρ n+1 (η)| ≤ 2
2πqn+1 for all η. However, since z 1 and z 2 can be only order 1/q n+1 apart, the difference in speed resulting from the ρ n+1 (η) term can be significant; see below.
So we see that z 1 and z 2 have different q n return times depending on ρ(η 1 ) and ρ(η 2 ). To apply Lemma 5.4 (Step 2 above) we must gain control of these return times. This can be accomplished by replacing z 1 and z 2 by φ(z 1 , t) and φ(z 2 , t), respectively, for a suitably chosen t. The points φ(z 1 , s j ) and φ(z 2 , r j ) are approximately j/q n+1 displaced from z 1 and z 2 , respectively, in the η direction. Because q n+1 may be taken as large as we like, we may choose t ∈ [0, q n+1 ], so that if we replace z 1 and z 2 by φ(z 1 , t) and φ(z 2 , t), respectively, for the new η 1 and η 2 ,
see Figure 5 .2. First we note that because z 2 / ∈ Σ n (z 1 ) we know that the distance in the η direction from z 2 to a point in {π(ẑ 1 + (αt, t)) : t ∈ [− qn 2 , qn 2 ]} is at least ε n = 3/4q n+1 . Also, we know from continued fraction theory that 
To apply Lemma 5.4 (Step 2 above) we must use this difference to compute estimates on the difference in q n return times of z 1 and z 2 .
We will deal with two cases depending on the distance between η 1 and η 2 mod 1/q n . First suppose η 1 and η 2 are relatively far apart, that is,
Then we can choose t ∈ [0, q n+1 ] and replace z 1 and z 2 by φ(z 1 , t) and φ(z 2 , t) so that for the new η 1 and η 2 ,
Now, taking a n+1 , hence q n+1 , larger if necessary, we note that z 1 and z 2 are sufficiently close to being q n periodic that the above inequality holds for N > 2q n−2 q 2 n q n return times of z 1 and z 2 . Hence, Lemma 5.4 applies in this case with m = n − 2. Next, suppose
that is, η 1 and η 2 are very close mod 1/q n . In this case we must deal with the ρ n+1 term since the distance between the η's can be as small as 1/4q n+1 .
The first step is to choose t ∈ [0, q n+2 ] so that if we replace z 1 , z 2 with φ(z 1 , t), φ(z 2 , t), respectively, then for the new η 1 , η 2 we have
Hence, the q n return times are bounded below by 4 n q n /4q n+1 and above by 2/q n . We must allow t's as large as q n+2 to accomplish this so that φ(z 1 , t) and φ(z 2 , t) can be properly placed relative to the period 1/q n+1 oscillations of ρ n+1 (η). See Figure 5 .3.
Recall that s j and r j are the jth q n return times of z 1 and z 2 , respectively. We fix N so that q n return times of z 1 and z 2 are within 75% of the similar values for φ(z 1 , s j ), φ(z 2 , r j ) for j ≤ N . How large we can take N depends on the difference between η 1 and η 2 mod 1/q n . If we let δ denote this difference, i.e.,
then we may take N to be the greatest integer less than an+1 8 − 2δq n+1 (recall, a n+1 is the number of 1/q n+1 periods per 1/q n period, i.e., q n+1 = a n+1 q n + q n−1 ). Since δ < 2/4 n q 2 n (by assumption), we have that 2δq n+1 < 4q n+1 4 n q 2 n < 8a n+1 q n 4 n q 2 n = 8a n+1 4 n q n < a n+1 16 .
ρ n (η) + ρ n+1 (η) 9 P P P P P P P q at least a n+1 /8 periods of ρ n+1 (η) Fig. 5.3 . Proper placement of η 1 and η 2 attained by choosing the appropriate t for φ(z 1 , t) and φ(z 2 , t).
(We have used 8/4 n q n < 1/16; since q n → ∞ rapidly, this is a very rough estimate.) Hence, in all cases, we may assume N ≥ a n+1 /16. So the difference in q n return times for φ(z 1 , s j ) and φ(z 2 , r j ) is bounded between 4 n−1 q n /4q n+1 and 2/q is dense in T 2 × T 2 and the construction is complete. Remarks. (1) This construction actually gives a class of continuous flows with property W, since the flow is topologically equivalent to constant irrational flow and is specified by the crossing times and not the particular speed at any given point.
(2) Note that not all irrationals α are admissible. The necessary rate of growth of the a i 's in the continued fraction expansion is specified throughout the proof.
Conclusion.
We have shown the existence of a continuous universally observable flow on the torus. Our construction actually gives a class of flows with property W which is sufficient for universal observability. These flows have orbit structure equivalent to constant irrational flow (with an appropriate irrational slope) and are obtained by defining the crossing times in such a way that any pair of points under the product flow get as dense as necessary. The construction sets conditions on how fast the denominators of the convergents in the continued fraction expansion of the irrational determining the slope of the orbits grow in order to achieve the necessary density. The choice of Fourier coefficients in the crossing time function is limited by the dynamics of the flow, and so this construction cannot be made smoother. It is still unknown if there are smoother universally observable flows on the torus.
Because of the connection between universal observability and topological dynamics, the example constructed here exhibits many topological properties of interest. This is explored by DeStefano and Markley in [10] .
